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Abstract
Let G be an almost metrizable topological group (for example, a locally compact group). This
paper is concerned with the proof of two principal results. First, the following criterion for equicon-
tinuity is proved: Let X be a union of Gδ-subsets of G, Y a uniform space and H a set of
continuous mappings of X into Y ; then for H to be equicontinuous, it is sufficient (and obvi-
ously also necessary) that the sequence ((hn(x), hn(xn)))n∈N be eventually in every entourage
of Y for each sequence (hn)n∈N in H, each x ∈ X and each sequence (xn)n∈N in X such that
limn→+∞ xn = x. ˇCoban’s theorem on dyadicity is a basic tool in the proof of this result. Let e
be the identity element of G; it follows immediately from the above criterion that G has equal left
and right uniform structures if (and only if) limn→+∞ anb−1n = e for all sequences (an)n∈N and
(bn)n∈N in G such that limn→+∞ a−1n bn = e (a well-known property in the case when G is metriz-
able). The second principal result is the following: Let us suppose that the left and right uniform
structures on the almost metrizable topological group G are distinct; then the Banach space UR(G)
contains a linear isometric copy L of l∞ such that inf{‖2l+ h‖ | h ∈ U(G)} > ‖l‖ for all l ∈ L
(and consequently, the quotient Banach space UR(G)/U(G) is nonseparable); moreover, if G is
complete, then “>” can be replaced by “=” (and consequently, UR(G)/U(G) contains a linear
isometric copy of l∞). Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let X be a topological space, Y a uniform space andH a set of continuous mappings of
X into Y . In [25], the following criterion forH to be equicontinuous had been established
in the case when X is a quasi-k-space: For H to be equicontinuous, it is sufficient (and
obviously also necessary) that the sequence ((hn(x), hn(xn)))n∈N be frequently in every
entourage of Y for each sequence (hn)n∈N in H, each sequence (xn)n∈N in X and each
cluster point x of (xn)n∈N. One of the aims of this paper is to show that if X is a union
of Gδ-subsets of an almost metrizable topological group, then a strengthened version of
this criterion can be obtained (Theorem 3.1); more precisely, the condition “x is a cluster
point of the sequence (xn)n∈N” can be replaced with “limn→+∞ xn = x” (“frequently”
being then replaced with “eventually”). Let us point out that ˇCoban’s theorem [5] on
dyadicity is a basic tool in our proof of Theorem 3.1.
It should be noted here that the class of almost metrizable topological groups is a
very broad class which contains all locally compact as well as all metrizable topological
groups (cf. Section 2).
Let G be a topological group and let e be its identity element. It is well known
(see [11]), and easy to prove, that if G is metrizable, then G has equal left and right uni-
form structures if and only if limn→+∞ anb−1n = e for all sequences (an)n∈N and (bn)n∈N
in G such that limn→+∞ a−1n bn = e. It follows immediately from Theorem 3.1 that this
property remains true for any almost metrizable topological group (Corollary 4.3). Re-
call that in [14], it was asked by Itzkowitz whether or not the equality of left and right
uniform structures on a locally compact topological group G could be decided by se-
quences. The question was answered in the affirmative by Pestov [22] in the following
way: For the left and right uniform structures on a locally compact topological group G
to be equal, it is necessary and sufficient that for each sequence (hn)n∈N in G and each
neighborhood V of e in G, the set
⋂
n∈N h
−1
n V hn should be a neighborhood of e. Shortly
after, and independently, this result was also obtained by Itzkowitz, Rothman, Strassberg,
and Wu [15,16]. It was afterwards extended to almost metrizable topological groups by
Protasov [23] and, more recently, to topological groups that are quasi-k-spaces [25].
Obviously, it is easy to deduce Protasov’s result from Corollary 4.3.
Let G be a topological group. We denote by UL(G) (respectively UR(G)) the complex
Banach space of all bounded left (respectively right) uniformly continuous mappings of G
into C. The complex Banach space UL(G)∩UR(G) of all bounded uniformly continuous
mappings of G into C is denoted by U(G). In [13], it was proved by Itzkowitz that if
G is a nonunimodular locally compact group, then UR(G) strictly contains U(G), and it
was asked by Dzinotyiweyi [6] whether or not the quotient Banach space UR(G)/U(G)
is nonseparable. Later on, and independently, Milnes [20], Itzkowitz [16] and Protasov
[23] extended Itzkowitz’s result by showing that if G is locally compact, then UR(G)
strictly contains U(G) whenever the left and right uniform structures on G are distinct;
moreover, Protasov obtained such an extension for G almost metrizable. Our second
aim in this paper is to obtain the following result (Theorem 5.5): Let G be an almost
metrizable topological group whose left and right uniform structures are distinct; then:
J.P. Troallic / Topology and its Applications 93 (1999) 179–190 181
(a) the Banach space UR(G) contains a linear isometric copy L of l∞ such that
inf{‖2l + h‖ | h ∈ U(G)} > ‖l‖ for all l ∈ L (and consequently, the quotient
Banach space UR(G)/U(G) is nonseparable);
(b) if G is complete, then “>” can be replaced by “=” (and consequently,
UR(G)/U(G) contains a linear isometric copy of l∞).
Let us note that part (b) of this result had already been obtained in [9] in the particular
case when G is locally compact. Let us also remark that in [9], a reduction of the
general locally compact case to the metrizable locally compact case was involved; on
the contrary, using Corollary 4.3 allows us here to give a direct proof of Theorem 5.5.
All topological spaces considered in this paper are assumed to be Hausdorff.
2. Preliminaries
Definitions 2.1. A topological space X is said to be of pointwise countable type provided
that for every x ∈ X there exists a compact subspace K of X of countable character
in X such that x ∈ K. Recall that a subset of X is of countable character in X if
it possesses a countable neighborhood base in X . The class of topological spaces of
pointwise countable type is very broad: it contains all metric spaces, all locally compact
topological spaces and even all ˇCech-complete topological spaces. This class has been
introduced and studied by Arhangel’skii in [1]. According to Pasynkov [21], a topological
group of pointwise countable type is called an almost metrizable topological group.
A subset A of a topological space X is called by Vaughan [28] a point-generalized
Gδ in X if for every x ∈ A there exists a Gδ-set B in X such that x ∈ B ⊂ A. Clearly,
every Gδ-set in X is a point-generalized Gδ in X . It can also easily be proved that if A
is a Baire subset of X (i.e., an element of the σ-algebra on X generated by the zero-sets
in X), then A is a point-generalized Gδ in X .
Let X be a topological space and let F be a set of subspaces of X . The topology of
X is determined by F if it has the property that a subset A of X is closed whenever
A ∩ F is closed in F for every F ∈ F .
It is known that every topological space Y of pointwise countable type is a k-space [1]
and that every point-generalized Gδ in Y is itself of pointwise countable type [19,28].
To obtain Lemma 3.2 below, the following substantial improvement of these results will
be used.
Lemma 2.2. Let X be a topological subspace of a topological space Y of pointwise
countable type. Let us suppose that X is a point-generalized Gδ in Y . Then:
(a) If x ∈ X and if U is an open neighborhood of x in Y , then there is a compact
subspace K of X of countable character in Y such that x ∈ K ⊂ U .
(b) The topology of X is determined by the family of compact subspaces of X of
countable character in Y .
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Proof. (a) Let B be a Gδ-set in Y such that x ∈ B ⊂ X and let L be a compact
subspace of Y of countable character in Y such that x ∈ L; since U ∩B ∩L is a Gδ-set
in the compact space L, there exists a compact K of L of countable character in L such
that x ∈ K ⊂ U ∩B∩L [2]; since K is a compact subspace of L of countable character
in L and since L is a compact subspace of Y of countable character in Y , the compact
subspace K of X is of countable character in Y [2].
(b) Let A be a subset of X such that A∩K is closed in K for every compact subspace
K of X of countable character in Y . Let x ∈ AX ; let us prove that x ∈ A, which will
establish the lemma. Let us denote by K the set of all compact subspaces of X which
contain x and whose character in Y is countable; the following conditions are satisfied:
K is not empty (by (a) above) and if K1,K2 ∈ K, then K1 ∩ K2 ∈ K; A ∩ K is a
compact subspace of X for every K ∈ K (by hypothesis);⋂
K∈K
(A ∩K) = A ∩
( ⋂
K∈K
K
)
= A ∩ {x}
(by (a) above). Consequently, to prove that x ∈ A, it suffices to prove that A ∩K 6= ∅ for
every K ∈ K. Let K ∈ K. Let (Un)n∈N be a decreasing sequence of open neighborhoods
of K in Y which converges to K. Since x ∈ AX and x ∈ Un, there is a point xn ∈
Un ∩ A (n ∈ N). By (a), there is a compact subspace Kn of X of countable character in
Y such that xn ∈ Kn ⊂ Un (n ∈ N). Let us put L = K ∪ (
⋃
n∈NKn); it is easily seen
that L is a compact subspace of X of countable character in Y . By hypothesis, A ∩ L
is compact; the sequence (xn)n∈N in A∩L consequently has a cluster point y ∈ A∩L.
Since xn ∈ Un (n ∈ N), y also belongs to K, which proves that A∩K is not empty. 2
3. Dyadicity and equicontinuity
Let us recall that a dyadic space is a compact topological space which is a continuous
image of a Cantor space {0, 1}ℵ, where {0, 1} is the discrete 2-point space and ℵ is any
cardinal number.
Let Y be a uniform space, V an entourage of Y and ((an, bn))n∈N a sequence in
Y × Y . The sequence ((an, bn))n∈N is eventually in V if there is p ∈ N such that, if
n ∈ N and if n > p, then (an, bn) ∈ V .
Let X be a quasi-k-space, Y a uniform space and H a set of continuous mappings
of X into Y . In [25], the following “countable” criterion for H to be equicontinuous
had been established: for H to be equicontinuous, it is sufficient (and obviously also
necessary) that the sequence ((hn(x), hn(xn)))n∈N be frequently in every entourage of
Y for each sequence (hn)n∈N inH, each sequence (xn)n∈N in X and each cluster point x
of (xn)n∈N. The aim of this section is to prove that for an important class of k-spaces X ,
the condition “x is a cluster point of (xn)n∈N” can be replaced by “limn→+∞ xn = x”
(“frequently” being then replaced by “eventually”). ˇCoban’s theorem [5] on dyadicity
will play a basic part in this improvement.
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Theorem 3.1. Let X be a topological subspace of an almost metrizable topological
group G, Y a uniform space and H a set of continuous mappings of X into Y . If X is
a point-generalized Gδ in G, then the following statements are equivalent:
(a) H is equicontinuous;
(b) for each sequence (hn)n∈N in H, each x ∈ X and each sequence (xn)n∈N in X
such that limn→+∞ xn = x, the sequence ((hn(x), hn(xn)))n∈N is eventually in
every entourage of Y .
To obtain Theorem 3.1, it obviously suffices to prove Lemmas 3.2 and 3.3 below.
Lemma 3.2. Let X be a topological subspace of an almost metrizable topological
group G. Let us suppose that X is a point-generalized Gδ in G. Then the topology
of X is determined by the family of dyadic subspaces of X .
Proof. Every compact subspace of X of countable character in G is obviously a compact
Gδ-subspace of G. Consequently, Lemma 3.2 follows from part (b) of Lemma 2.2 above
and from the following theorem of ˇCoban [5,26]:
In any topological group, any compact Gδ-subspace is dyadic. 2
Lemma 3.3. Let X be a topological space, Y a uniform space andH a set of continuous
mappings of X into Y . Suppose that the topology of X is determined by the family of
dyadic subspaces of X . Then the following statements are equivalent:
(a) H is equicontinuous;
(b) for each sequence (hn)n∈N in H, each x ∈ X and each sequence (xn)n∈N in X
such that limn→+∞ xn = x, the sequence ((hn(x), hn(xn)))n∈N is eventually in
every entourage of Y .
Proof. The implication (a) ⇒ (b) is obvious. Let us suppose that condition (b) holds
and let us prove that H is equicontinuous.
(i) Suppose first that X is a Cantor space {0, 1}A. Let c = (cα)α∈A be a point of X ;
let us prove that H is equicontinuous at c. Let S be the subspace of X consisting of all
x = (xα)α∈A ∈ X such that {α ∈ A | xα 6= cα} is countable; S is a dense sequentially
compact subspace of X and c ∈ S. Let us prove that the set H|S of restrictions to S of
mappings of H is equicontinuous at c; since the closures of the entourages of Y in Y ×Y
form a fundamental system of entourages of Y and since every h ∈ H is continuous,
this will imply that H is equicontinuous at c.
Let VX(c) be the set of all neighborhoods of c in X . Assume that H|S is not equicon-
tinuous at c; then there is an entourage V of Y such that the following condition (∗) is
satisfied:
∀U ∈ VX(c), ∃u ∈ U ∩ S, ∃h ∈ H,
(
h(c), h(u)
)
/∈ V. (∗)
Let W be a closed entourage of Y such that W 2 ⊂ V . By induction, we build a
sequence ((Un, hn, sn))n∈N of points of VX(c)×H×S as follows. We put U1 = X and
by applying condition (∗) we choose (h1, s1) ∈ H× S such that (h1(c), h1(s1)) /∈ V .
184 J.P. Troallic / Topology and its Applications 93 (1999) 179–190
Let us assume that the point (Un, hn, sn) is given; we choose Un+1 ∈ VX(c) such
that Un+1 ⊂ Un and (hn(c), hn(x)) ∈ W for every x ∈ Un+1 (such a choice is pos-
sible since the mapping hn is continuous); by applying condition (∗), we then choose
(hn+1, sn+1) ∈ H × S such that sn+1 ∈ Un+1 and (hn+1(c), hn+1(sn+1)) /∈ V. The
sequence ((hn, sn))n∈N of points of H× S has the following properties:(
hn(c), hn(sk)
) ∈W for all n, k ∈ N such that n < k, (3.1)(
hn(c), hn(sn)
)
/∈ V for all n ∈ N. (3.2)
Let (snk)k∈N be a subsequence of (sn)n∈N which converges in S to a point s. Since hn
is continuous and since W is closed in Y × Y , it follows from (1) that(
hn(c), hn(s)
) ∈W for all n ∈ N. (3.3)
Since W 2 ⊂ V , it follows from (3.2) and (3.3) that for each n ∈ N, (hn(s), hn(sn))
does not belong to W ; a fortiori, for each k ∈ N, (hnk(s), hnk(snk)) does not belong to
W and since the sequence (snk)k∈N converges in X to s, condition (b) is not satisfied,
which is contrary to hypothesis.
(ii) Let us prove now thatH is equicontinuous in the general case. Let K be an arbitrary
dyadic subspace of X ; since the topology of X is determined by the family of dyadic
subspaces of X , it suffices to prove that the set H|K of restrictions to K of mappings of
H is equicontinuous. By definition of a dyadic space, there exist a Cantor space {0, 1}A
and a continuous surjection φ : {0, 1}A → K. Let us prove that {h|K ◦ φ | h ∈ H} is
equicontinuous; since φ is a quotient mapping, it will follow that H|K is equicontinuous.
Let (hn)n∈N be a sequence in H, u ∈ {0, 1}A and (un)n∈N a sequence in {0, 1}A
such that limn→+∞ un = u. Since the mapping φ : {0, 1}A → K is continuous, the
sequence (φ(un))n∈N converges in K to φ(u); since condition (b) holds, the sequence
(((hn|K ◦ φ)(u), (hn|K ◦ φ)(un)))n∈N is eventually in every entourage of Y ; it follows
consequently from (i) that {h|K ◦ φ | h ∈ H} is equicontinuous. 2
Remark 3.4. In [10], Helmer had obtained the following result, not strictly comparable
to Theorem 3.1 above, but in the same spirit: Let X and Y be topological spaces, Z a
completely regular topological space and f :X × Y → Z a separately continuous and
sequentially continuous mapping. If X is a Gδ-subset or a Baire subset of some locally
compact topological group and if Y is of the same sort, then f is continuous.
4. Uniformities and sequences in topological groups
Let G be a topological group that is a quasi-k-space, Y a uniform space and f a
continuous mapping ofG into Y . In [25], the following criterion for f to be left uniformly
continuous had been obtained: for f to be left uniformly continuous, it is sufficient (and
obviously also necessary) that ((f(an), f(bn)))n∈N be frequently in every entourage of
Y for all sequences (an)n∈N and (bn)n∈N in G such that the identity element e of G
is a cluster point of (a−1n bn)n∈N. From this, we had deduced that the left and right
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uniform structures on G coincide if (and only if) e is a cluster point of (anb−1n )n∈N for
all sequences (an)n∈N and (bn)n∈N in G such that e is a cluster point of (a−1n bn)n∈N.
In this section, we apply basic Theorem 3.1 to obtain improvements of these results in
the case when G is an almost metrizable topological group.
Definitions 4.1. Let G be a topological group, Y a uniform space, and f :G → Y a
mapping; f is said to be left (respectively right) uniformly continuous if it is uniformly
continuous when G is endowed with its left (respectively right) uniform structure LG
(respectively RG). For each h ∈ G, let Lhf (respectively Rhf ) be the mapping x →
f(hx) (respectively x→ f(xh)) of G into Y ; then it is easy to see that the mapping f
is left (respectively right) uniformly continuous if and only if LGf := {Lhf | h ∈ G}
(respectively RGf := {Rhf | h ∈ G}) is equicontinuous.
In the remainder of this paper, the identity element of a topological group G is denoted
by e. The set of all neighborhoods of e in G is denoted by VG(e).
Theorem 4.2. Let G be an almost metrizable topological group, Y a uniform space and
f :G→ Y a continuous mapping. Then the following statements are equivalent:
(a) f is left uniformly continuous;
(b) if (an)n∈N and (bn)n∈N are two sequences in G such that limn→+∞ a−1n bn = e,
then the sequence ((f(an), f(bn)))n∈N is eventually in every entourage of Y .
Proof. It is obvious that (a) implies (b). Let us suppose that (b) holds; let us prove
that LGf is equicontinuous; this will imply that the mapping f is left uniformly con-
tinuous. To prove that LGf is equicontinuous, one may apply Theorem 3.1 above.
Let (hn)n∈N be a sequence in G, x ∈ G and (xn)n∈N a sequence in G such
that limn→+∞ xn = x; by Theorem 3.1, it suffices to verify that the sequence
((f(hnx), f(hnxn)))n∈N is eventually in every entourage of Y ; this results from hy-
pothesis (b) since limn→+∞(hnx)−1(hnxn) = e. 2
Corollary 4.3. Let G be an almost metrizable topological group. Then the two following
statements are equivalent:
(a) the left and right uniform structures on G coincide;
(b) if (an)n∈N and (bn)n∈N are two sequences in G such that limn→+∞ a−1n bn = e,
then limn→+∞ anb−1n = e.
Proof. Endow G with its left uniform structure; then the left and right uniform structures
are equal if and only if the inversion in G is a uniformly continuous mapping. Therefore,
by Theorem 4.2, statements (a) and (b) are equivalent. 2
Remark 4.4. Let G and Y be as in the above Theorem 4.2. If a mapping f :G → Y
satisfies condition (b) then it is sequentially continuous; it is not necessarily continuous:
in [27], Varopoulos has constructed (by using a measurable cardinal) a compact abelian
topological group having a sequentially continuous, but not continuous, character.
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5. Copy of l∞ in (UR(G)\U(G)) ∪ {0} and in UR(G)/U(G)
Let G be a topological group. Recall that we denote by UL(G) (respectively UR(G))
the complex Banach space of all bounded left (respectively right) uniformly continuous
mappings of G into C. We denote by U(G) the complex Banach space UL(G)∩UR(G)
of all bounded uniformly continuous mappings of G into C. The aim of this section is
to prove that if G is almost metrizable and if the left and right uniform structures on
G are distinct, then the Banach space UR(G) contains a linear isometric copy L of l∞
such that inf{‖2l+ h‖ | h ∈ U(G)} > ‖l‖ for all l ∈ L (and consequently, the quotient
Banach space UR(G)/U(G) is nonseparable); moreover, if G is complete, then “>” can
be replaced by “=” (and consequently, UR(G)/U(G) contains a linear isometric copy
of l∞).
We begin with a few preliminary lemmas.
Definition 5.1. Let G be a topological group. A sequence (an)n∈N in G is said to be
right uniformly discrete if there exists V ∈ VG(e) such that for all p, q ∈ N, with
p 6= q, the relation V ap ∩ V aq = ∅ holds. Note that for the sequence (an)n∈N to be right
uniformly discrete, it is necessary and sufficient that the following condition should be
satisfied: there exists W ∈ VG(e) such that apa−1q /∈W for all p, q ∈ N, with p < q.
Lemma 5.2. Let G be a topological group. Suppose that (xn)n∈N and (yn)n∈N are two
sequences in G such that limn→+∞ x−1n yn = e and such that (xny−1n )n∈N does not
converge to e. Then there is a subsequence ((an, bn))n∈N of ((xn, yn))n∈N such that the
sequence (a1, b1, a2, b2, . . . , an, bn, . . .) is right uniformly discrete.
Proof. Since (xny−1n )n∈N does not converge to e, there is a subsequence ((un, vn))n∈N
of ((xn, yn))n∈N and V ∈ VG(e) such that unv−1n /∈ V for all n ∈ N. Let W be a
symmetric neighborhood of e in G such that W 3 ⊂ V . Since limn→+∞ u−1n vn = e,
there is a subsequence ((an, bn))n∈N of ((un, vn))n∈N such that for all n ∈ N:
a−1n+1bn+1 ∈
(
n⋂
i=1
a−1i Wai
)
∩
(
n⋂
i=1
b−1i Wbi
)
, (5.1)
anb
−1
n /∈W 3. (5.2)
Let us prove that the sequence (a1, b1, a2, b2, . . . , an, bn, . . .) is right uniformly discrete
which will prove the lemma. Let p, q ∈ N such that p < q; by Definition 5.1, it suffices
to prove that apb−1p /∈ W, apa−1q /∈ W, apb−1q /∈ W, bpa−1q /∈ W, bpb−1q /∈ W , which
will be done by use of conditions (5.1) and (5.2). The symmetry of these conditions with
respect to the sequences (an)n∈N and (bn)n∈N (recall that W is symmetric) allows us in
the end to reduce the proof to showing that
apb
−1
p /∈W, apa−1q /∈W, apb−1q /∈W.
By condition (5.2), apb−1p /∈W . If apa−1q ∈W , that is to say if aq ∈Wap, then by (5.1),
bq ∈ aq(a−1p Wap) ⊂ (Wap)(a−1p Wap) = W 2ap
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and consequently, aqb−1q ∈ (Wap)(a−1p W 2) = W 3 which contradicts (5.2). Finally, if
apb
−1
q ∈W , that is to say if bq ∈Wap, then by (5.1),
aq ∈ bq(a−1p Wap) = (bqa−1p )(Wap) ⊂W 2ap
and consequently, aqb−1q ∈ (W 2ap)(a−1p W ) = W 3 which contradicts (5.2). 2
Notations 5.3. Let G be a topological group. The infimum of the left and right uniform
structures LG and RG on G is denoted by LG ∧ RG. For every U ∈ VG(e), let us put
U˜ = {(x, y) ∈ G ×G | y ∈ UxU}; then {U˜ | U ∈ VG(e)} is a fundamental system of
entourages of LG ∧RG [24].
The following Lemma 5.4 has already been used in [9]. The proof given of it in [9]
was close to that of Urysohn’s classical lemma. Although we did not think it possible
at the time, it is in fact easy to deduce it from Kateˇtov’s extension theorem of bounded
uniformly continuous functions [17,18].
Lemma 5.4. Let G be a topological group, let (An)n∈N be a sequence of subsets of
G and let c = (cn)n∈N ∈ l∞. Suppose there is V ∈ VG(e) such that for all p, q ∈ N,
with p 6= q, the relation (V ApV ) ∩ (V AqV ) = ∅ holds. Then there exists a mapping
hc ∈ U(G) such that hc(x) = cn for all x ∈ An, n ∈ N.
Proof. Let us endow G with LG ∧RG and the subset
⋃
n∈NAn of G with the uniform
structure induced by LG ∧RG; then the bounded mapping of
⋃
n∈NAn into C equal to
cn on An (n ∈ N) is uniformly continuous; hence by Kateˇtov’s theorem [17,18], it has a
bounded uniformly continuous extension hc :G→ C. This mapping hc belongs to U(G)
and hc(x) = cn for all x ∈ An (n ∈ N). 2
We now possess all the tools we require for the following result.
Theorem 5.5. Let G be an almost metrizable topological group whose left and right
uniform structures are distinct. Then:
(a) The Banach space UR(G) contains a linear isometric copy L of l∞ such that
inf
{‖2l+ h‖ | h ∈ U(G)} > ‖l‖ for all l ∈ L.
In particular, the quotient Banach space UR(G)/U(G) is nonseparable.
(b) Let us suppose G complete. Then the Banach space UR(G) contains a linear
isometric copy L of l∞ such that
inf
{‖2l+ h‖ | h ∈ U(G)} = ‖l‖ for all l ∈ L.
Consequently, the quotient Banach space UR(G)/U(G) contains a linear isometric
copy of l∞.
Proof. (a) By Corollary 4.3 and Lemma 5.2, there are two sequences (an)n∈N and
(bn)n∈N in G such that limn→+∞ a−1n bn = e and such that the mixed sequence
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(a1, b1, a2, b2, . . . , an, bn, . . .) is right uniformly discrete. Let V be a symmetric neigh-
borhood of e in G such that
V bp ∩ V bq = ∅ whenever p, q ∈ N and p 6= q, (5.3)
ap /∈ V bq for all p, q ∈ N. (5.4)
Let g ∈ UR(G) such that g(G) ⊂ [0, 1], g(e) = 1 and g(x) = 0 for all x ∈ G \ V
(cf. [12]). For each c = (cn)n∈N ∈ l∞, define the mapping fc :G→ C by:
fc =
∑
n∈N
cnRb−1n g.
Using condition (5.3), it is easy to check that fc is well defined and that fc ∈ UR(G);
moreover ‖fc‖ = ‖c‖.
Let (Nk)k∈N be a partition of N such that |Nk| = ω for all k ∈ N. For every d =
(dn)n∈N ∈ l∞, let cd = (cn)n∈N be the point of l∞ defined by:
∀ k ∈ N, ∀ n ∈ Nk, cn = dk;
then the mapping d → cd is a linear isometry of l∞ onto a Banach subspace E of
l∞ each of whose point c = (cn)n∈N satisfies the condition lim supn→∞ |cn| = ‖c‖.
(Let us remark that in [3], Chou has used a construction of the same sort.) It is clear
that the mapping c → fc of E into UR(G) is a linear isometry, and that the mapping
c → 2fc + U(G) of E into UR(G)/U(G) is linear; consequently, in order to obtain
part (a) of the theorem, it suffices to establish that if c = (cn)n∈N ∈ E and h ∈ U(G),
then ‖2fc + h‖ > ‖c‖. For every n ∈ N, the inequality∣∣(2fc + h)(an)− (2fc + h)(bn)∣∣ > 2∣∣fc(an)− fc(bn)∣∣− ∣∣h(an)− h(bn)∣∣ (5.5)
holds. Since the mapping h belongs to U(G) and since limn→+∞ a−1n bn = e, we have
limn→+∞ |h(an) − h(bn)| = 0; on the other hand, it follows from (5.4) and (5.3) that
|fc(an)− fc(bn)| = |fc(bn)| = |cn|; consequently, by (5.5):
sup
n∈N
∣∣(2fc + h)(an)− (2fc + h)(bn)∣∣ > 2 lim sup
n→∞
|cn| = 2‖c‖,
which implies that ‖2fc + h‖ > ‖c‖.
(b) Let us now suppose that G is complete. Then let us first remark that {bn | n ∈ N}
cannot be relatively compact in G; otherwise there is a subnet (bnα) of (bn)n∈N which
converges towards a point z ∈ G; since limn→+∞ a−1n bn = e, we then have limα anα = z
and consequently, limα anαb−1nα = e; this contradicts the fact that (a1, b1, a2, b2, . . . ,
an, bn, . . .) is right uniformly discrete. Since G is an almost metrizable and complete
topological group, the uniform space (G,LG ∧RG) is complete (cf. [24]); consequently,
the subset {bn | n ∈ N} of G is not precompact relative to LG ∧ RG. Let W be a
neighborhood of e in G such that
{bn | n ∈ N} 6⊂WFW for every finite subset F of G.
By taking a subsequence of ((an, bn))n∈N if necessary, we may assume that
bn+1 /∈W{b1, . . . , bn}W for all n ∈ N.
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We obviously may also suppose that the symmetric neighborhood V of e considered in
part (a) satisfies the inclusion V 4 ⊂ W ; since bn+1 /∈ W{b1, . . . , bn}W for all n ∈ N,
we then have:
(V 2bpV ) ∩ (V 2bqV ) = ∅ for all p, q ∈ N such that p 6= q. (5.6)
Let us prove that the linear mapping c → 2fc + U(G) of E into UR(G)/U(G) is then
an isometry; part (b) of the theorem will follow. Let c = (cn)n∈N ∈ E; we must prove
that
inf
{‖2fc + h‖ | h ∈ U(G)} = ‖c‖.
By part (a) of the proof, the inequality inf{‖2fc + h‖ | h ∈ U(G)} > ‖c‖ holds. To
complete the proof, it suffices now to establish that there exists hc ∈ U(G) such that
‖2fc + hc‖ 6 ‖c‖. By (5.6) the sequence (V 2bnV )n∈N is pairwise disjoint; hence, by
virtue of Lemma 5.4, there is a mapping hc ∈ U(G) such that for all n ∈ N and all
x ∈ V bn, hc(x) = −cn; moreover, one can choose hc such that ‖hc‖ = ‖c‖. Let x ∈ G;
if x /∈ ⋃n∈N V bn, then∣∣(2fc + hc)(x)∣∣ = ∣∣hc(x)∣∣ 6 ‖hc‖ = ‖c‖;
if x ∈ ⋃n∈N V bn, then x ∈ V bm for one (and only one) m ∈ N and we have∣∣(2fc + hc)(x)∣∣ = ∣∣cm ‖ 2g(xb−1m )− 1∣∣ 6 |cm| 6 ‖c‖;
hence the inequality ‖2fc + hc‖ 6 ‖c‖ holds. 2
The following result had already been obtained in [9] by reduction of the general
locally compact case to the metrizable locally compact case; it is obtained here in a more
natural way.
Corollary 5.6. Let G be a locally compact topological group whose left and right uni-
form structures are distinct. Then the Banach space UR(G) contains a linear isometric
copy L of l∞ such that
inf{‖2l+ h‖ | h ∈ U(G)} = ‖l‖ for all l ∈ L.
Consequently, the quotient Banach space UR(G)/U(G) contains a linear isometric copy
of l∞.
Proof. Every locally compact topological group is an almost metrizable and complete
topological group. 2
Remark 5.7. It can be shown that a complete topological group is almost metrizable if
and only if it is ˇCech-complete (cf. [24]).
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